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Abstract
A necessary condition for the existence of a resolvable (v; 5; 1)-perfect Mendelsohn design is
v ≡ 0 (mod 5). This condition is shown to be su5cient for v¿215, with two known exceptions
plus at most 17 possible exceptions below this value. c© 2002 Elsevier Science B.V. All rights
reserved.
MSC: primary 05B05
Keywords: Perfect Mendelsohn design; Resolvable perfect Mendelsohn design; Resolvable
holey perfect Mendelsohn design
1. Introduction
If A=(a1; a2; : : : ; ak) is an ordered k-tuple, then the ordered pair (ai; aj) is said to
be t-apart in A if j − i ≡ t modulo k.
Let v; k and 
 be positive integers. A (v; k; 
)-Mendelsohn design, denoted brie<y
by (v; k; 
)-MD, is a pair (X;B) where X is a v-set (of points) and B is a collection
of ordered k-tuples (called blocks) such that (1) no B∈B contains any element of X
more than once and (2) for any x1; x2 ∈X; x1 = x2, the ordered pair (x1; x2) is 1-apart
in exactly 
 blocks of B. If (2) is replaced by the stronger condition that for any t,
16t6k − 1, every ordered pair (x1; x2) of distinct points appears t-apart in exactly 

blocks of B, then the (v; k; 
)-MD is called a perfect Mendelsohn design and denoted
brie<y by (v; k; 
)-PMD.
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In graph-theoretic terms, a (v; k; 
)-PMD is equivalent to a decomposition of the
complete directed multigraph 
DKv on v vertices into k-circuits such that for any r;
16r6k − 1, and for any two distinct vertices x and y there are exactly 
 circuits
along which the (directed) distance from x to y is r.
If we replace each k-tuple (a1; a2; : : : ; ak) in a (v; k; 
)-PMD by an unordered set
{a1; a2; : : : ; ak}, then a (v; k; 1)-PMD becomes a balanced incomplete block design with
parameters v; k and 
= k−1, brie<y denoted by (v; k; k−1)-BIBD. Therefore, we can
consider perfect Mendelsohn designs as a generalization of balanced incomplete block
designs with 
= k−1. Mendelsohn [11] #rst introduced the concept of PMDs and called
them perfect cyclic designs. This concept has been further studied by various authors,
including Hsu and Keedwell [9] where the designs were called perfect Mendelsohn
designs. We have since adopted this terminology.
If a set of blocks contains every point exactly once, then the set is called a parallel
class. A design is called resolvable, if all the blocks can be partitioned into parallel
classes. A resolvable (v; k; 
)-PMD is denoted by (v; k; 
)-RPMD.
It is easy to see that a necessary condition for the existence of a (v; k; 
)-RPMD is
the following:
v ≡ 0 (mod k):
For k =3, the problem of existence of (v; 3; 1)-RPMDs has been completely settled.
We have the following result.
Theorem 1.1 (Bermond et al. [6]). A necessary condition for the existence of
a (v; 3; 1)-RPMD; namely; v ≡ 0 (mod 3); is also su:cient; except for the non-existing
design (6; 3; 1)-RPMD.
We also have the following result for (v; 4; 1)-RPMDs.
Theorem 1.2 (Zhang [15]). A necessary condition for the existence of a (v; 4; 1)-
RPMD is v ≡ 0 (mod 4). This condition is su:cient; except for v=4; 8 and possibly
for 49 other values; the largest of which is 336.
In this paper, we shall focus our attention on the problem of existence of
(v; 5; 1)-RPMDs. It is shown that the necessary condition for the existence of a (v; 5; 1)-
RPMD, namely, v ≡ 0 (mod 5), is also su5cient for v¿215, with 2 known exceptions
and at most 17 possible exceptions below this value.
2. Auxiliary designs
In this section, we shall de#ne some terminology and describe some of the auxiliary
designs to be used in our constructions. For more detailed information on some of
these related combinatorial structures, the reader is referred to [7,14].
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Let DKn1 ;n2 ;:::;nh be the complete multipartite directed graph with vertex set
X =
⋃
16i6h Xi, where Xi (16i6h) are disjoint sets with |Xi|= ni; v=
∑
16i6h ni,
and where two vertices x and y from diNerent sets Xi and Xj are joined by exactly one
arc from x to y and one arc from y to x. A holey perfect Mendelsohn design (HPMD)
with block size k is an order pair (X;A) where A is a set of k-circuits (directed cycles
of length k), called blocks, which form an arc-disjoint decomposition of DKn1 ;n2 ;:::;nh
with the property that for any integer r (16r6k − 1) and any two vertices x and y
from diNerent sets Xi and Xj, there is exactly one circuit c∈A such that the directed
distance along c from x to y is r. Each Xi (16i6h) is called a hole (or group) of the
design and the multiset {n1; n2; : : : ; nh} is called the type of the design. We denote the
design by (v; k; 1)-HPMD (or brie<y k-HPMD) and use an “exponential” notation to
describe its type in general: a type 1i2r3k : : : denotes i occurrences of 1; r occurrences
of 2, etc.
A k-HPMD is said to be resolvable if its blocks can be divided into parallel classes
(a parallel class is collection of blocks which form a partition of the point set, X ). We
denote it by k-RHPMD.
A k-HPMD is called a frame k-PMD if its blocks can be divided into partial
parallel classes, each of which partitions X \Xi for some group Xi. We use k-FPMD
to denote it.
We also make use of certain designs used in standard design theory, for instance
group divisible design, transversal design with block size k and group size n, denoted
by TD(k; n) and pairwise balanced design on v points and with block sizes from the
set K , denoted by (v; K)-PBD. For the de#nition of these standard designs, the reader
is referred to [8]. When resolvable, these designs are given by the pre#x R.
3. Direct constructions
The constructions used in this paper will combine both direct and recursive methods.
Finite #elds and abelian groups play an important role in our direct constructions. For
most of our direct constructions, we adopt the familiar method using diNerence sets as
in the construction of BIBDs, where we use #nite abelian groups to generate the set
of blocks for a given design. That is, instead of listing all the blocks of the design,
we shall list a set of base blocks and generate the others by an additive group and
perhaps some further automorphisms. If G is the additive group under consideration,
then we shall adopt the following convention:
devB= {B+ g: B∈B and g∈G};
where B is the collection of base blocks of the design.
Lemma 3.1. For p=7; 11; 13; 17; 19; 23; 25; 27; 29; 37; 41; 47; there exists a 5-FPMD
of type 5p.
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Proof. Let the point set be Z5 ×GF(p). We need two initial base blocks of the form
B1 = ((0; a); (1; b); (4; c); (4; d); (1; e));
B2 = ((0; f); (2; g); (3; h); (3; i); (2; j)):
We then multiply these by (1; y) for y a quadratic residue in GF(p) to obtain p− 1
blocks. These p−1 blocks will form a partial parallel class missing the group Z5×{0}.
For other blocks, we cycle these mod(5; p). We list the corresponding two initial base
blocks for each p below. For p=25 and 27, x is a primitive element of GF(p)
satisfying x2 = x + 3 and x3 = x + 2 respectively.
p=7: ((0; 4); (1; 5); (4; 6); (4; 1); (1; 2));
((0; 3); (2; 6); (3; 5); (3; 1); (2; 4));
p=11: ((0; 7); (1; 8); (4; 2); (4; 5); (1; 3));
((0; 4); (2; 3); (3; 9); (3; 8); (2; 7));
p=13: ((0; 2); (1; 3); (4; 7); (4; 9); (1; 8));
((0; 3); (2; 1); (3; 7); (3; 10); (2; 11));
p=17: ((0; 1); (1; 4); (4; 6); (4; 16); (1; 12));
((0; 10); (2; 5); (3; 6); (3; 2); (2; 15));
p=19: ((0; 1); (1; 8); (4; 6); (4; 15); (1; 17));
((0; 8); (2; 14); (3; 10); (3; 5); (2; 9));
p=23: ((0; 9); (1; 5); (4; 13); (4; 22); (1; 3));
((0; 7); (2; 4); (3; 13); (3; 10); (2; 20));
p=25: ((0; x8); (1; x1); (4; x12); (4; x11); (1; x10));
((0; x19); (2; x5); (3; x8); (3; x17); (2; x18));
p=27: ((0; x12); (1; x6); (4; 1); (4; x13); (1; x3));
((0; x25); (2; x22); (3; x18); (3; x21); (2; x17));
p=29: ((0; 16); (1; 11); (4; 26); (4; 7); (1; 6));
((0; 18); (2; 4); (3; 15); (3; 6); (2; 2));
p=37: ((0; 1); (1; 5); (4; 17); (4; 12); (1; 16));
((0; 5); (2; 19); (3; 25); (3; 24); (2; 27));
p=41: ((0; 6); (1; 7); (4; 11); (4; 32); (1; 40));
((0; 25); (2; 3); (3; 6); (3; 23); (2; 32));
p=47: ((0; 2); (1; 3); (4; 12); (4; 22); (1; 29));
((0; 40); (2; 4); (3; 9); (3; 30); (2; 10)):
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Lemma 3.2. There exists a 5-FPMD of type 56.
Proof. Let the point set be Z30. We list the base blocks below; Other blocks in the
FPMD are obtained from them using the ‘+2 method’ which means that only multiples
of 2 should be added to each base block;
(1; 3; 2; 10; 17); (1; 14; 23; 3; 4); (1; 8; 22; 5; 9); (1; 17; 26; 22; 3);
(1; 9; 4; 2; 5); (0; 21; 8; 10; 11); (0; 17; 22; 26; 15); (0; 5; 16; 2; 27);
(0; 15; 5; 28; 20); (0; 29; 26; 16; 9):
For t ∈{0; 2; 4}, adding t; t+6; t+12; t+18; t+24 to any of the #rst 5 base blocks
produces a partial parallel class with hole {t; t + 6; t + 12; t + 18; t + 24}. Similarly,
adding t; t+6; t+12; t+18; t+24 to any of the last #ve blocks gives a partial parallel
class with hole {t + 1; t + 7; t + 13; t + 19; t + 25}.
Lemma 3.3. For n=8; 9; 10; 12; 14; 15; there exists a 5-FPMD of type 5n.
Proof. Let the point set be Z5(n−1) ∪ X , where X = {x1; x2; x3; x4; x5}. Also, let X and
{j; (n− 1)+ j; 2(n− 1)+ j; 3(n− 1)+ j; 4(n− 1)+ j} for j=0; 1; : : : ; n− 2 be the holes
of the 5-FPMD. Below are the required base blocks to be developed mod 5(n− 1):
n=8: (0; 19; 11; 17; 13); (33; 16; 24; 29; 32); (17; 2; 27; 5; 15);
(x1; 6; 10; 22; 11); (x2; 30; 4; 20; 31); (x3; 3; 26; 8; 23);
(x4; 1; 34; 25; 19); (x5; 18; 13; 12; 9);
n=9: (0; 9; 3; 21; 2); (34; 5; 36; 39; 14); (21; 31; 38; 35; 25);
(11; 23; 22; 28; 10); (x1; 33; 12; 26; 13); (x2; 4; 9; 2; 19);
(x3; 37; 20; 6; 1); (x4; 29; 18; 3; 7); (x5; 27; 15; 17; 30);
n=10: (0; 44; 41; 33; 22); (40; 26; 11; 12; 5); (41; 43; 1; 8; 30);
(6; 10; 23; 21; 31); (39; 35; 19; 38; 33); (x1; 22; 2; 17; 25);
(x2; 4; 16; 42; 14); (x3; 15; 29; 34; 28); (x4; 44; 32; 3; 24);
(x5; 13; 37; 20; 7);
n=12: (0; 29; 42; 28; 16); (6; 31; 7; 27; 26); (29; 21; 14; 52; 50);
(23; 25; 39; 48; 5); (54; 16; 46; 40; 9); (35; 30; 17; 38; 20);
(45; 51; 15; 41; 13); (x1; 34; 37; 28; 32); (x2; 18; 3; 4; 12);
(x3; 8; 36; 43; 24); (x4; 19; 42; 47; 2); (x5; 1; 53; 49; 10);
n=14: (0; 4; 27; 48; 51); (5; 64; 4; 50; 7); (33; 2; 62; 48; 58);
(43; 19; 12; 42; 54); (24; 1; 34; 17; 45); (44; 61; 20; 29; 56);
(53; 37; 36; 51; 18); (31; 21; 3; 9; 46); (22; 38; 57; 28; 30);
(x1; 59; 32; 63; 27); (x2; 6; 49; 60; 40); (x3; 25; 16; 23; 41);
(x4; 47; 55; 10; 35); (x5; 14; 15; 11; 8);
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n=15: (0; 29; 7; 68; 6); (48; 11; 61; 38; 2); (64; 1; 16; 69; 20);
(30; 19; 4; 15; 7); (25; 44; 9; 60; 55); (47; 45; 13; 6; 63);
(22; 24; 23; 32; 49); (58; 62; 31; 41; 68); (52; 57; 39; 5; 27);
(43; 10; 26; 50; 46); (x1; 33; 12; 18; 36); (x2; 17; 37; 8; 66);
(x3; 40; 53; 65; 21); (x4; 51; 54; 29; 59); (x5; 3; 34; 35; 67):
For each of these designs, adding 5; 10; 15; : : : ; 5(n − 2)mod(5(n − 1)) to the #rst
base block produces a partial parallel class missing {x1; x2; : : : ; x5}. The other base
blocks form a partial parallel class which misses the hole {0; (n−1); 2(n−1); 3(n−1);
4(n− 1)}.
The following lemma is given in [4].
Lemma 3.4. If p ≡ 1 (mod 5) is a prime power; then there exists a 5-FPMD of
type 1p.
Proof. Take the point set as GF(p); the base blocks to be developed over GF(p) are
(b; w ·b; w2 ·b; w3 ·b; w4 ·b) for w a given 5th root of unity and b∈{1; x; x2; : : : ; x(p−6)=5}
where x is a primitive element in GF(p). These base blocks form the holey parallel
class missing the point 0.
Lemma 3.5. There exists a 5-FPMD of type 121.
Proof. This construction comes from [8, p. 117]. Let the point set be Z21 and cycle
the following 4 blocks mod 21. These blocks form the holey parallel class missing the
point 0:
(8; 9; 11; 14; 18); (16; 5; 1; 19; 17); (20; 4; 10; 3; 12); (2; 15; 6; 13; 7):
Lemma 3.6. For v=36; 46; there exists a 5-FPMD of type 1v.
Proof. Let the point set be Zv−1 ∪ {x}, and let {{j}: j=0; 1; : : : ; v− 2}} ∪ {x} be the
hole set of the 5-FPMD. Below are the required base blocks to be cycled mod v − 1.
In both cases, the last block generates just (v − 1)=5 blocks which form the partial
parallel class missing the point x. The other base blocks form the partial parallel class
missing the point 0:
v=36: (29; 6; 10; 24; 19); (22; 33; 14; 11; 31); (30; 26; 18; 1; 2);
(34; 8; 27; 9; 12); (28; 16; 5; 7; 13); (21; 20; 25; 15; 23);
(x; 4; 17; 3; 32); (0; 7; 14; 21; 28);
v=46: (4; 20; 23; 8; 15); (40; 19; 29; 5; 32); (27; 28; 26; 43; 21);
(24; 16; 30; 14; 2); (38; 18; 13; 12; 6); (33; 7; 35; 25; 36);
(31; 1; 42; 10; 22); (11; 37; 41; 34; 9); (x; 39; 44; 17; 3);
(0; 36; 27; 18; 9):
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Lemma 3.7. For n=5; 7; 8; 9; 10; 12; 14; 15; there exists a 5-RHPMD of type 5n.
Proof. For n=5, this design is obtained by constructing a (5; 1)-RGDD of type 55
and forming a (5; 5; 1)-RPMD on each of its blocks. For the others, let the point set
be Z5(n−1) ∪X where X = {x1; x2; x3; x4; x5}; also, let X and {j; (n− 1)+ j; 2(n− 1)+ j;
3(n − 1) + j; 4(n − 1) + j} for j=0; 1; : : : ; n − 2 be the holes of the 5-RHPMD. The
required base blocks, which form a parallel class are given below; cycle each of them
mod 5(n− 1):
n=7: (0; 4; 26; 27; 13); (3; 23; 16; 24; 1); (x1; 11; 14; 9; 22);
(x2; 21; 5; 2; 7); (x3; 6; 25; 10; 20); (x4; 28; 19; 18; 29);
(x5; 12; 8; 17; 15);
n=8: (0; 19; 1; 2; 13); (21; 23; 29; 4; 24); (30; 11; 6; 33; 31);
(x1; 14; 17; 5; 9); (x2; 3; 8; 32; 28); (x3; 18; 27; 7; 15);
(x4; 26; 20; 10; 22); (x5; 25; 16; 34; 12);
n=9: (0; 29; 3; 1; 12); (13; 26; 15; 2; 33); (19; 37; 39; 34; 9);
(31; 17; 36; 30; 26); (x1; 23; 6; 18; 25); (x2; 21; 22; 35; 28);
(x3; 24; 5; 11; 20); (x4; 10; 7; 32; 14); (x5; 27; 4; 8; 38);
n=10: (0; 34; 11; 28; 12); (15; 30; 29; 32; 25); (39; 40; 42; 1; 9);
(13; 38; 21; 35; 6); (31; 43; 19; 5; 44); (x1; 8; 4; 27; 33);
(x2; 14; 24; 3; 16); (x3; 36; 2; 7; 26); (x4; 41; 22; 17; 37);
(x5; 23; 20; 18; 10);
n=12: (0; 32; 1; 31; 37); (5; 36; 39; 34; 26); (19; 21; 9; 17; 14);
(12; 16; 52; 46; 28); (30; 44; 24; 53; 40); (45; 43; 42; 8; 25);
(23; 51; 15; 11; 38); (x1; 49; 3; 29; 22); (x2; 18; 41; 2; 27);
(x3; 47; 4; 50; 33); (x4; 10; 20; 35; 48); (x5; 13; 54; 6; 7);
n=14: (0; 41; 34; 64; 11); (18; 45; 26; 21; 20); (47; 2; 53; 33; 62);
(37; 61; 19; 25; 3); (63; 40; 48; 31; 4); (42; 9; 58; 7; 54);
(15; 24; 43; 13; 5); (6; 23; 59; 56; 16); (22; 29; 60; 39; 50);
(x1; 49; 17; 8; 12); (x2; 52; 55; 51; 1); (x3; 36; 57; 14; 32);
(x4; 30; 35; 10; 38); (x5; 27; 28; 44; 46);
n=15: (0; 19; 22; 18; 11); (1; 35; 12; 62; 25); (47; 49; 64; 32; 68);
(41; 33; 44; 4; 28); (39; 29; 55; 5; 34); (53; 50; 23; 6; 14);
(42; 9; 63; 67; 24); (54; 61; 16; 15; 59); (58; 43; 65; 66; 13);
(20; 36; 45; 26; 38); (x1; 8; 56; 27; 21); (x2; 52; 17; 48; 46);
(x3; 31; 37; 69; 57); (x4; 7; 30; 40; 10); (x5; 3; 60; 51; 2):
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4. Recursive constructions
To obtain our main results, we shall use the following basic constructions. These
constructions are similar to those used in [12,13,5].
Construction 4.1 (Weighting). Let (X;G;A) be a GDD; and let w :X→ Z+∪{0} be
a weight function on X. Suppose that for each block A∈A; there exists a k-FPMD
of type {w(x): x∈A}. Then there is a k-FPMD of type {∑x∈Gi w(x): Gi ∈G}.
Construction 4.2 (In<ating RHPMDs by RTDs). If there exists a k-RHPMD of type
hu and an RTD(k; m); then there exists a k-RHPMD of type (mh)u.
Construction 4.3 (In<ating FPMDs by RTDs). If there exists a k-FPMD of type hu
and an RTD(k; m); then there exists a k-FPMD of type (mh)u.
Construction 4.4 (Filling in holes). Suppose there is a k-FPMD with type
T = {ti: i=1; 2; : : : ; n} and let a¿0. For i=1; 2; : : : ; n; suppose there is a
k-FPMD with type Ti ∪ {a}; where
∑
t∈Ti t= ti. Then there is a k-FPMD with type
(
⋃n
i=1 Ti) ∪ {a}.
Construction 4.5 (Constructions using frames). Suppose there is a k-FPMD
with type T = {ti: i=1; 2; : : : ; n} and let a¿0. For i=1; 2; : : : ; n; suppose there is a
k-RHPMD with type Ti ∪ {a}; where
∑
t∈Ti t= ti. Then there is a k-RHPMD with
type (
⋃n
i=1 Ti) ∪ {a}.
Construction 4.6 (Breaking up groups). If there is a k-RHPMD of type tu; t= t1h
and a k-RHPMD of type th1 ; then there exists a k-RHPMD of type t
uh
1 .
Construction 4.7. If there exists an RTD(5; g) and a 5-FPMD of type 1g; then there
exists a 5-RHPMD of type 5g.
Proof. Start with an RTD(5; g); delete one of its parallel classes, form a (5; 5; 1)-RPMD
on each block in the other parallel classes. This produces a design with 4(g− 1) par-
allel classes; all these parallel classes except the last one will remain unaltered in
the #nal design. Finally, form a 5-FPMD of type 1g on each group of the TD. Each
block (a1; a2; a3; a4; a5) in the last of the 4(g − 1) parallel classes above is combined
with the holey parallel classes from the FPMDs missing the points a1; a2; : : : ; a5.
This produces the required 5-RHPMD(5g) with 5(g − 1) parallel classes; the holes
in this RHPMD are the blocks initially deleted from one of the parallel classes
in RTD(5; g).
In order to use the above constructions, we need the following known results
on TDs.
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Lemma 4.8 (Colbourn and Dinitz [8]). (1) An RTD(5; m) exists for all m¿4 except
for m=6 and possibly for m∈{10; 14; 18; 22}.
(2) A TD(8; m) exists for all m¿67 except possibly for m∈{68; 74; 75}.
(3) A TD(q+ 1; q) exists when q is a prime power.
5. Existence of 5-FPMD(5n)
As shown in [12], frames are very useful for constructing resolvable designs.
5-FPMDs will play an important role in our paper to solve the (v; 5; 1)-RPMD problem.
In this section, we shall prove the existence of 5-FPMDs of type 5n.
Lemma 5.1. There exists a 5-FPMD of type 5n for each n∈ S1 = {16; 21; 31; 36; 42;
43; 44; 46} ∪ [48; 92] ∪ [186;∞).
Proof. For each n∈{16; 21; 36; 46}; apply Construction 4.3 with m=5 to the 5-FPMD
of type 1n obtained by Lemmas 3.4–3.6. For each other given n∈ S1; we have (from
[8]) a (n; {6; 7; 8; 9})-PBD. This gives a {6; 7; 8; 9}-GDD of type 1n. Applying
Construction 4.1 with weight 5, we obtain a 5-FPMD of type 5n. The input designs
come from Lemmas 3.1–3.3. The proof is complete.
Lemma 5.2. There exists a 5-FPMD of type 5n for each n∈ S2 = [72; 207].
Proof. Start with a TD(11; t) for t ∈{11; 19}. Truncate 5 groups of this TD(11; t) to
sizes ai (16i65), where ai =0 or 66ai6t; ai =18. For all n in the given range we
can obtain a {6; 7; : : : ; 17; 19}-GDD of type t6a11a12 · · · a15 on n points; taking t=11; 19,
respectively, handles all n in the ranges [72; 121] and [120; 207]. Applying Construction
4.1 with weight 5 and #lling in the holes, we then obtain the 5-FPMDs of type 5n as
desired. The input designs come from Lemmas 3.1–3.3. The proof is complete.
Theorem 5.3. There exists a 5-FPMD of type 5n for each n¿6 except possibly for
n∈F = {18; 20; 22; 24; 26; 28; 30; 32; 33; 34; 35; 38; 39; 40; 45}.
Proof. Combine Lemmas 3.1–3.3 and 5:1–5:2, which complete the proof.
6. Main result
In this section, we shall present the proof of our main result as mentioned before. In
fact, we shall prove a slightly stronger result on RHPMDs. First, we establish a prelim-
inary bound and then treat the small orders. Denote U = {n: a 5-RHPMD of type 5n
exists}. Also let F be de#ned as in Theorem 5.3, that is, F = {18; 20; 22; 24; 26; 28; 30;
32; 33; 34; 35; 38; 39; 40; 45}. We need the following working lemma.
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Lemma 6.1. Suppose 16x64 and a TD(6 + x; m) exists. Suppose also there exist
5-FPMDs of type 5t for t=m; a2; : : : ; ax and a 5-RHPMD(5a1+1); where 06a1¡m
and 06ai6m for i¿1. If u=6m+a1+a2+· · ·+ax+1; then there exists a 5-RHPMD
of type 5u.
Proof. Truncate x groups in the TD(6 + x; m) to sizes ai; 16i6x and use a deleted
point from the group of size a1 to rede#ne groups. This gives a {6; 7; : : : ; 6 + x; m;
a2; a3; : : : ; ax}-GDD with groups of sizes 6; 7; : : : ; 6+ x− 1 and a1. Apply Construction
4.1 with weight 5; add 5 in#nite points and use 5-RHPMDs of types 57; 58; 59; 510;
coming from Lemma 3.7, and type 5a1+1 to #ll in holes, we then obtain the design
as desired. Here, we also need 5-FPMDs of types 5n for n∈{6; 7; 8; 9; 10} as input
designs; these all come from Theorem 5.3. This completes the proof.
Lemma 6.2. If u¿457; then u∈U .
Proof. From Lemma 4.8, we have a TD(8; m); a TD(8; m+ 1) or a TD(8; m+ 2) for
any m¿67. Apply Lemma 6.1 with m¿67; x=2; a1 = 6 and 486a26m; we have
[6m+55; 7m+7] ⊂ U . It is not di5cult to check that these intervals overlap when m
runs over [67;∞). This completes the proof.
Lemma 6.3. If 736u6456; then u∈U .
Proof. The proof is similar to that of Lemma 6.2. Here we take x=4; m∈{53; 49; 43;
37; 31; 29; 23; 19; 17; 13; 11; 9}; a1 = 6; 06ai6m and ai ∈ F∪{2; 3; 4; 5}. We can obtain
some intervals for u and by running a simple computer program, it is readily checked
that these intervals overlap. The proof is complete.
Lemma 6.4. If 586u672; then u∈U .
Proof. For 656u672; in PG(2; 8) there exists an oval consisting of 10 points no
three of which are collinear. If we delete t + 1 oval points (16t68) and take the
blocks containing one of the deleted points as groups we obtain a {7; 8; 9}-GDD of
type 7t89−t . Giving weight 5 to the points of this GDD, we obtain a 5-FPMD of type
35t409−t . Finally, add 5 in#nite points and use 5-RHPMDs of types 5n for n=8 and 9.
This gives the desired 5-RHPMDs of types 573−t for 16t68. For 586u664; delete
t + 1 oval points (06t66) from AG(2; 8) to obtain a {6; 7; 8}-GDD of type 6t79−t ;
a 5-FPMD of type 30t359−t ; and #nally, by adding 5 in#nite points, 5-RHPMDs of
types 564−t for 06t66.
Lemma 6.5. If 506u657; then u∈U .
Proof. The proof is similar to the one for the previous lemma. Here, we delete t+1 oval
points (06t67) from PG(2; 7) to obtain a {6; 7; 8}-GDD of type 6t78−t ; a 5-FPMD of
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type 30t358−t and #nally (by adding 5 in#nite points and using 5-RHPMDs of types
57 and 58) 5-RHPMDs of types 557−t for 06t67.
Lemma 6.6. If u∈{43; 44; 47; 48; 49}; then u∈U .
Proof. Start with a TD(8; 7) and delete 7 points from a block so as to form a
{7; 8}-GDD of type 6771. For u=44; 48; delete six or two points from one of
the groups of size 6 to give {6; 7; 8}-GDDs of types 6671 and 667141. For
u=49; 47; 43; delete 1, 3 or 7 points from the group of size 7 to give {6; 7; 8}-GDDs
of types 68; 6741 and 67. Give weight 5 to the points of these GDDs to obtain 5-FPMDs
of types 306351; 306351201; 308; 307201 and 307. Adding 5 in#nite points and using
5-RHPMDs of types 5n for n=5; 7; 8 gives the desired 5-RHPMDs of types 5u for
u∈{43; 44; 47; 48; 49}.
Lemma 6.7. If u∈{13; 17; 21; 25; 29; 33; 37; 41}; then u∈U .
Proof. For each given u; a 5-RGDD of type 5u exists from [1] (for u =37) and [2]
(for u=37); hence there exists a 5-RHPMD of the same type.
Lemma 6.8. If u∈{11; 16; 31; 36; 46}; then u∈U .
Proof. For u=11; 16; 31; 36; 46; a 5-FPMD of type 1u exists by either Lemma 3.4 or
Lemma 3.6. Applying Construction 4.7 now gives the results as desired.
Lemma 6.9. If u∈{35; 40; 45}; then u∈U .
Proof. From Lemma 3.7, we have 5-RHPMDs of type 5n for n=7; 8; 9. In<ating by
5 and #lling in holes with a 5-RHPMD of type 55; (which exists by Lemma 3.7) we
obtain the 5-RHPMDs as desired.
Now, we are in a position to state our main result.
Theorem 6.10. A necessary condition for existence of a (v; 5; 1)-RPMD is
v ≡ 0 (mod 5). This condition is also su:cient except for v∈{10; 15} and possibly
for v∈{20; 30; 90; 95; 100; 110; 115; 120; 130; 135; 140; 150; 160; 170; 190; 195; 210}.
Proof. The nonexistence of a (10; 5; 1)-PMD has been shown in [3]. Hence, there is
no (10; 5; 1)-RPMD. Also, in [10], it is shown that there is no (15; 5; 4) RBIBD; hence
a (15; 5; 1)-RPMD cannot exist. The conclusion then follows by the combination of
Lemmas 6.2–6.9 and 3.7.
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